Higher-order cauchy numbers and polynomials by Kim, Dae san & Kim, Taekyun
ar
X
iv
:1
31
0.
33
69
v1
  [
ma
th.
NT
]  
12
 O
ct 
20
13
HIGHER-ORDER CAUCHY NUMBERS AND POLYNOMIALS
DAE SAN KIM AND TAEKYUN KIM
Abstract. Recently, Komatsu introduced the concept of poly-Cauchy num-
bers and polynomials which generalize Cauchy numbers and polynomials. In
this paper, we consider the new concept of higher-order Cauchy numbers
and polynomials which generalize Cauchy numbers and polynomials in dif-
ferent direction and investigate some properties of those new class of numbers
and polynomials. From our investigation, we derive some identities involving
higher-order Cauchy numbers and polynomials, which generalize some rela-
tions between two kinds of Cauchy polynomials and some identities for Cauchy
numbers and Stirling numbers.
1. Introduction
In the book of Comtet[1], two kinds of Cauchy numbers are introduced: The
first kind is given by
Cn =
∫ 1
0
(x)ndx, (n ∈ Z≥0) (1.1)
and the second kind is given by
Ĉn =
∫ 1
0
(−x)ndx, (n ∈ Z≥0), (1.2)
where (x)n = x(x− 1) . . . (x− n+ 1).
In [2,6,7], Komatsu introduced two kinds of poly-Cauchy numbers: The poly-
Cauchy numbers of the first kind C
(k)
n as a generalization of the Cauchy numbers
are given by
C
(k)
n =
∫ 1
0
· · ·
∫ 1
0
(x1x2 · · ·xk)ndx1dx2 · · · dxk, (1.3)
and the poly Cauchy numbers of the second kind Ĉ
(k)
n are given by
Ĉ
(k)
n =
∫ 1
0
· · ·
∫ 1
0
(−x1x2 · · ·xk)ndx1 · · · dxk, (n ∈ Z≥0, k ∈ N). (1.4)
The (signed) Stirling number of the first kind is defined by
(x)n =
n∑
l=0
S1(n, l)x
l, (n ∈ Z≥0). (1.5)
From (1.5), we have
(log(1 + t))n = n!
∞∑
l=n
S1(l, n)
tl
l!
. (1.6)
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The Stirling number of the second kind is defined by the generating function to
be
(et − 1)n = n!
∞∑
l=n
S2(l, n)
tl
l!
, (see[3, 4, 9]). (1.7)
From (1.1) and (1.5), we note that
Cn =
n∑
m=0
S1(n,m)
1
m+ 1
= (−1)n
n∑
m=0
[
n
m
]
(−1)m
m+ 1
, (see [1, 10]), (1.8)
where
[
n
m
]
are the (unsigned) Stirling number of the first kind, arising as coefficients
of the rising factorial
x(n) = x(x+ 1) · · · (x+ n− 1) =
n∑
m=0
[
n
m
]
xm, (see [1, 8, 10]).
An explicit formula for C
(k)
n is given by
C
(k)
n = (−1)
n
n∑
m=0
[
n
m
]
(−1)m
(m+ 1)k
, (n ≥ 0, k ≥ 1),
and
Ĉ
(k)
n = (−1)
n
n∑
m=0
[
n
m
]
1
(m+ 1)k
, (n ≥ 0, k ≥ 1), (see [4, 5, 6]).
The poly-Cauchy polynomials of the first kind C
(k)
n (z) are defined by
C
(k)
n (z) =
∫ 1
0
· · ·
∫ 1
0
(x1x2 · · ·xk − z)mdx1 · · · dxk (1.9)
and are expressed explicitly in terms of Stirling numbers of the first kind:
C
(k)
n (z) =
n∑
m=0
[
n
m
]
(−1)n−m
m∑
i=0
(
m
i
)
(−z)i
(m− i+ 1)k
, (see [4, 5, 7]). (1.10)
The poly-Cauchy polynomials of the second kind Ĉ
(k)
n (z) are defined by
Ĉ
(k)
n (z) =
∫ 1
0
· · ·
∫ 1
0
(−x1 · · ·xk + z)mdx1 · · · dxk, (1.11)
and are expressed explicitly in terms of Stirling numbers of the second kind:
Ĉ
(k)
n (z) =
n∑
m=0
[
n
m
]
(−1)n
m∑
i=0
(
m
i
)
(−z)i
(m− i+ 1)k
, (see [2, 6, 7]). (1.12)
For α ∈ N, as is well known, the Bernoulli polynomials of order α are defined by
the generating function to be(
t
et − 1
)α
ext =
(
t
et − 1
)
× · · · ×
(
t
et − 1
)
︸ ︷︷ ︸
α−times
ext =
∞∑
n=0
B(α)n (x)
tn
n!
. (1.13)
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When x = 0, B
(α)
n = B
(α)
n (0) are the Bernoulli numbers of order α. (see [3,4,9]).
In this paper, we consider the new concept of higher-order Cauchy numbers and
polynomials which generalize Cauchy numbers and polynomials and investigate
some properties of those new class of numbers and polynomials. From our investi-
gation, we derive some identities involving higher-order Cauchy numbers and poly-
nomials, which generalize some relations between two kinds of Cauchy polynomials
and some identities for Cauchy numbers and Stirling numbers.
Finally, we introduce some identities of higher-order Cauchy polynomials arising
from umbral calculus.
2. Higher-order Cauchy polynomials
For k ∈ N, let us consider the Cauchy numbers of the first kind of order k as
follows:
C(k)n =
∫ 1
0
· · ·
∫ 1
0
(x1 + x2 + · · ·xk)ndx1 · · · dxk, (2.1)
where n ∈ Z≥0 and k ∈ N.
Then, from (2.1), we can derive the generating function of C
(k)
n as follows:
∞∑
n=0
C(k)n
tn
n!
=
∫ 1
0
· · ·
∫ 1
0
∞∑
n=0
(
x1 + · · ·+ xk
n
)
tndx1 · · · dxk
=
∫ 1
0
· · ·
∫ 1
0
(1 + t)x1+···xkdx1 · · · dxk.
(2.2)
It is easy to show that (
(1 + t)x
log(1 + t)
)′
= (1 + t)x (2.3)
Thus, by (2.3), we get ∫ 1
0
(1 + t)xdx =
t
log(1 + t)
. (2.4)
From (2.2) and (2.4), we have
∞∑
n=0
C(k)n
tn
n!
=
∫ 1
0
· · ·
∫ 1
0
(1 + t)x1+···xkdx1 · · · dxk
=
(
t
log(1 + t)
)k
.
(2.5)
It is known that(
t
log(1 + t)
)n
(1 + t)x−1 =
∞∑
k=0
B
(k−n+1)
k (x)
tk
k!
, (see [1]). (2.6)
Therefore, by (2.5) and (2.6), we obtain the following theorem.
Theorem 2.1. For n ≥ 0, we have
C(k)n = B
(n−k+1)
n (1).
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From (1.1), we have
∞∑
n=0
Cn
tn
n!
=
∫ 1
0
∞∑
n=0
(
x
n
)
tndx =
∫ 1
0
(1 + t)xdx =
t
log(1 + t)
. (2.7)
Thus, by (2.5) and (2.7), we get
∞∑
n=0
C(k)n
tn
n!
=
∞∑
n=0
( ∑
l1+···+lk=n
(
n
l1, · · · , lk
)
Cl1 · · ·Clk
)
tn
n!
. (2.8)
From (2.1), we note that
C(k)n =
∫ 1
0
· · ·
∫ 1
0
(x1 + · · ·+ xk)ndx1 · · · dxk
=
n∑
l=0
S1(n, l)
∫ 1
0
· · ·
∫ 1
0
(x1 + · · ·+ xk)
ldx1 · · · dxk
=
n∑
l=0
∑
l1+···+lk=l
S1(n, l)
(
l
l1, · · · , lk
)∫ 1
0
· · ·
∫ 1
0
xl11 x
l2
2 . . . x
lk
k dx1 · · · dxk
=
n∑
l=0
∑
l1+···+lk=l
(
l
l1, · · · , lk
)
S1(n, l)
1
(l1 + 1) · · · (lk + 1)
.
(2.9)
Therefore, by (2.8) and (2.9), we obtain the following theorem.
Theorem 2.2. For n ≥ 0, we have
C(k)n =
∑
l1+···+lk=n
(
n
l1, · · · , lk
)
Cl1 · · ·Clk
=
n∑
l=0
∑
l1+···+lk=l
(
l
l1, · · · , lk
)
S1(n, l)
1
(l1 + 1) · · · (lk + 1)
.
From (2.5), we can derive the following equations.
∞∑
n=0
C(k)n
(et − 1)n
n!
=
1
tk
(et − 1)k =
∞∑
n=0
S2(n+ k, k)
k!
(n+ k)!
tn
=
∞∑
n=0
n!k!
(n+ k)!
S2(n+ k, k)
tn
n!
=
∞∑
n=0
S2(n+ k, k)(
n+k
n
) tn
n!
,
(2.10)
and
∞∑
n=0
C(k)n
1
n!
(et − 1)n =
∞∑
n=0
C(k)n
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
(
m∑
n=0
C(k)n S2(m,n)
)
tm
m!
.
(2.11)
Therefore, by (2.10) and (2.11), we obtain the following theorem.
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Theorem 2.3. For m ∈ Z≥0, k ∈ N, we have
S2(m+ k, k) =
(
m+ k
m
) m∑
n=0
C(k)n S2(m,n)
=
(
m+ k
m
) m∑
n=0
B(n−k+1)n (1)S2(m,n).
Now, we consider the higher-order Cauchy polynomials of the first kind as follows:
C(k)n (x) =
∫ 1
0
· · ·
∫ 1
0
(x1 + · · ·+ xk − x)ndx1 · · · dxk. (2.12)
Then, by (2.12), we get
C(k)n (x) =
n∑
l=0
S1(n, l)
∫ 1
0
· · ·
∫ 1
0
(x1 + x2 · · ·+ xk − x)
ldx1 · · · dxk
=
n∑
l=0
S1(n, l)
l∑
j=0
(
l
j
)
(−x)l−j
∫ 1
0
· · ·
∫ 1
0
(x1 + · · ·+ xk)
jdx1 · · · dxk
=
n∑
l=0
l∑
j=0
∑
j1+···jk=j
(
j
j1, · · · , jk
)(
l
j
)
S1(n, l)(−x)
l−j 1
(j1 + 1) · · · (jk + 1)
.
(2.13)
From (2.12), we can derive the generating function of C
(k)
n (x) as follows:
∞∑
n=0
C(k)n (x)
tn
n!
=
∫ 1
0
· · ·
∫ 1
0
∞∑
n=0
(
x1 + · · ·+ xk − x
n
)
tndx1 . . . dxk
=
∫ 1
0
· · ·
∫ 1
0
(1 + t)x1+···+xk−xdx1 . . . dxk
=
(
t
log(1 + t)
)k
(1 + t)−x.
(2.14)
It is known that (
t
log(1 + t)
)k
(1 + t)x =
∞∑
n=0
B(n−k+1)n (x+ 1)
tn
n!
. (2.15)
By (2.14) and (2.15), we get
C(k)n (x) = B
(n−k+1)
n (1− x).
Therefore, by (2.13) and (2.15), we obtain the following theorem.
Theorem 2.4. For n ∈ Z≥0, k ∈ N, we have
C(k)n (x) = B
(n−k+1)
n (1− x)
=
n∑
l=0
l∑
j=0
∑
j1+···jk=j
(
j
j1, · · · , jk
)(
l
j
)
S1(n, l)
(−x)l−j
(j1 + 1) · · · (jk + 1)
.
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By (2.14), we see that
∞∑
n=0
C(k)n (x)
(et − 1)n
n!
= e−tx
(
et − 1
t
)k
= e−tx
∞∑
n=0
S2(n+ k, k)
n!k!
(n+ k)!
tn
n!
=
(
∞∑
l=0
(−x)l
l!
tl
)(
∞∑
n=0
S2(n+ k, k)(
n+k
n
) tn
n!
)
=
∞∑
m=0
{
m∑
n=0
(
m
n
)(
n+k
n
)S2(n+ k, k)(−x)m−n
}
tm
m!
,
(2.16)
and
∞∑
n=0
C(k)n (x)
(et − 1)n
n!
=
∞∑
n=0
C(k)n (x)
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
{
m∑
n=0
C(k)n (x)S2(m,n)
}
tm
m!
.
(2.17)
Therefore, by (2.16) and (2.17), we obtain the following theorem.
Theorem 2.5. For m ∈ Z≥0, k ∈ N, we have
m∑
n=0
(
m
n
)(
n+k
n
)S2(n+ k, k)(−x)m−n = m∑
n=0
C(k)n (x)S2(m,n).
We now define the Cauchy numbers of the second kind of order k as follows:
Ĉ(k)n =
∫ 1
0
· · ·
∫ 1
0
(−(x1 + · · ·+ xk))ndx1 . . . dxk. (2.18)
From (2.18), we can derive the generating function of Ĉ
(k)
n as follows:
∞∑
n=0
Ĉ(k)n
tn
n!
=
∫ 1
0
· · ·
∫ 1
0
∞∑
n=0
(
−x1 − · · · − xk
n
)
tndx1 . . . dxk
=
∫ 1
0
· · ·
∫ 1
0
(1 + t)−x1−···−xkdx1 . . . dxk
=
(
t
(1 + t) log(1 + t)
)k
.
(2.19)
Thus, by (2.19), we get
∞∑
m=0
Ĉ(k)m
(et − 1)m
m!
=
(
et − 1
tet
)k
=
(
∞∑
l=0
(−k)l
l!
tl
)(
∞∑
m=0
S2(k +m, k)k!
(k +m)!
tm
)
=
∞∑
n=0
{
n∑
m=0
(
n
m
)(
k+m
m
) (−k)n−mS2(k +m, k)
}
tn
n!
,
(2.20)
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and
∞∑
m=0
Ĉ(k)m
(et − 1)m
m!
=
∞∑
m=0
Ĉ(k)m
∞∑
n=m
S2(n,m)
tn
n!
=
∞∑
n=0
(
n∑
m=0
Ĉ(k)m S2(n,m)
)
tn
n!
.
(2.21)
Therefore, by (2.20) and (2.21), we obtain the following theorem.
Theorem 2.6. For n ≥ 0, k ∈ N, we have
n∑
m=0
(
n
m
)(
k+m
m
)S2(k +m, k)(−k)n−m = n∑
m=0
Ĉ(k)m S2(m,n).
We also consider the higher-order Cauchy polynomials of the second kind as
follows:
Ĉ(k)n (x) =
∫ 1
0
· · ·
∫ 1
0
(x − (x1 + · · ·+ xk))ndx1 . . . dxk. (2.22)
By (2.22), we get
Ĉ(k)n (x) =
n∑
l=0
S1(n, l)
∫ 1
0
· · ·
∫ 1
0
(−(x1 + · · ·+ xk) + x)
ldx1 . . . dxk
=
n∑
l=0
S1(n, l)
l∑
i=0
(
l
i
)
xl−i(−1)i
∫ 1
0
· · ·
∫ 1
0
(x1 + · · ·+ xk)
idx1 . . . dxk
=
n∑
l=0
l∑
i=0
S1(n, l)
(
l
i
)
xl−i(−1)i
∑
j1+···jk=i
(
i
j1, · · · , jk
)
1
(j1 + 1) · · · (jk + 1)
=
n∑
l=0
l∑
i=0
∑
j1+···jk=i
(
i
j1, · · · , jk
)(
l
i
)
S1(n, l)x
l−i(−1)i
1
(j1 + 1) · · · (jk + 1)
.
(2.23)
Let us consider the generating function of the higher-order Cauchy polynomials of
the second kind as follow:
∞∑
n=0
Ĉ(k)n (x)
tn
n!
=
∫ 1
0
· · ·
∫ 1
0
∞∑
n=0
(
x− (x1 + · · ·+ xk)
n
)
tndx1 . . . dxk
=
∫ 1
0
· · ·
∫ 1
0
(1 + t)−x1−···−xk+xdx1 . . . dxk
=
(
t
(1 + t) log(1 + t)
)k
(1 + t)x.
(2.24)
It is not difficult to show that
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∞∑
n=0
Ĉ(k)n (x)
tn
n!
=
(
t
(1 + t) log(1 + t)
)k
(1 + t)x
=
∞∑
n=0
B(n−k+1)n (x− k + 1)
tn
n!
.
(2.25)
Therefore, by (2.23) and (2.25), we obtain the following theorem.
Theorem 2.7. For n ≥ 0, k ∈ N, we have
Ĉ(k)n (x) = B
(n−k+1)
n (x− k + 1)
=
n∑
l=0
l∑
i=0
∑
j1+···jk=i
(
i
j1, · · · , jk
)(
l
i
)
S1(n, l)x
l−i (−1)
i
(j1 + 1) · · · (jk + 1)
.
From (2.25), we note that
∞∑
n=0
Ĉ(k)n (x)
(et − 1)n
n!
=
∞∑
n=0
Ĉ(k)n (x)
∞∑
m=n
S2(m,n)
tm
m!
=
∞∑
m=0
(
m∑
n=0
Ĉ(k)n (x)S2(m,n)
)
tm
m!
,
(2.26)
and
∞∑
n=0
Ĉ(k)n (x)
(et − 1)n
n!
=
(
et − 1
t
)k
et(x−k)
=
(
∞∑
l=0
k!
(l + k)!
S2(l + k, k)t
l
)(
∞∑
n=0
(x− k)n
tn
n!
)
=
∞∑
m=0
(
m∑
n=0
S2(n+ k, k)k!
(n+ k)!
(x− k)m−n
m!
(m− n)!
)
tm
m!
=
∞∑
m=0
(
m∑
n=0
S2(n+ k, k)
(
m
n
)(
n+k
n
) (x− k)m−n) tm
m!
(2.27)
Therefore, by (2.26) and (2.27), we obtain the following theorem.
Theorem 2.8. For m ∈ Z≥0, k ∈ N, we have
m∑
n=0
Ĉ(k)n (x)S2(m,n) =
m∑
n=0
S2(n+ k, k)
(
m
n
)(
n+k
n
) (x− k)m−n.
Now, we observe that
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(−1)n
C
(k)
n (x)
n!
= (−1)n
∫ 1
0
· · ·
∫ 1
0
(
x1 + · · ·+ xk − x
n
)
dx1 . . . dxk
=
∫ 1
0
· · ·
∫ 1
0
(
−(x1 + · · ·+ xk) + x+ n− 1
n
)
dx1 . . . dxk
=
n∑
m=0
∫ 1
0
· · ·
∫ 1
0
(
−(x1 + · · ·+ xk) + x
m
)(
n− 1
n−m
)
dx1 . . . dxk
=
n∑
m=0
(
n− 1
n−m
)
1
m!
m!
∫ 1
0
· · ·
∫ 1
0
(
−(x1 + · · ·+ xk) + x
m
)
dx1 . . . dxk
=
n∑
m=0
(
n− 1
n−m
)
1
m!
Ĉ(k)m (x) =
n∑
m=1
(
n− 1
n−m
)
1
m!
Ĉ(k)m (x).
(2.28)
Therefore, by (2.28), we obtain the following theorem.
Theorem 2.9. For n, k ∈ N, we have
(−1)n
C
(k)
n (x)
n!
=
n∑
m=1
(
n− 1
n−m
)
1
m!
Ĉ(k)m (x).
By the same method of (3.7), we get
(−1)n
Ĉ
(k)
n (x)
n!
= (−1)n
∫ 1
0
· · ·
∫ 1
0
(
−(x1 + · · ·+ xk) + x
n
)
dx1 . . . dxk
=
∫ 1
0
· · ·
∫ 1
0
(
x1 + · · ·+ xk − x+ n− 1
n
)
dx1 . . . dxk
=
n∑
m=0
(
n− 1
n−m
)∫ 1
0
· · ·
∫ 1
0
(
x1 + · · ·+ xk − x
m
)
dx1 . . . dxk
=
n∑
m=0
(
n− 1
n−m
)
1
m!
m!
∫ 1
0
· · ·
∫ 1
0
(
x1 + · · ·+ xk − x
m
)
dx1 . . . dxk
=
n∑
m=0
(
n− 1
n−m
)
C
(k)
m (x)
m!
=
n∑
m=1
(
n− 1
n−m
)
C
(k)
m (x)
m!
.
(2.29)
Therefore, by (2.29), we obtain the following theorem.
Theorem 2.10. For n, k ∈ N, we have
(−1)n
Ĉ
(k)
n (x)
n!
=
n∑
m=1
(
n− 1
n−m
)
C
(k)
m (x)
m!
.
3. Sheffer sequences associated with higher-order Cauchy numbers
and polynomials
Let P be the algebra of polynomials in a single variable x over C and let P∗ be
the vector space of all linear functionals on P. The action of the linear functional
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L on the polynomial p(x) is denoted by < L|p(x) >, and the vector space structure
on P∗ is defined by
〈L+M |p(x)〉 = 〈L|p(x)〉 + 〈M |p(x)〉, and 〈cL|p(x)〉 = c〈L|p(x)〉,
where c is any complex constant. Let F denote the algebra of formal power series
in a single variable t:
F =
{
f(t) =
∞∑
k=0
ak
tk
k!
|ak ∈ C
}
. (3.1)
The formal power series f(t) defines the linear functional on P by setting
〈f(t)|xn〉 = an for all n ≥ 0, (see [5,9]). (3.2)
By (3.1) and (3.2), we easily get
〈tk|xn〉 = n!δn,k, for all n, k ≥ 0, (see [5, 9]),
where δn,k is the Kronecker’s symbol.
Let fL(t) =
∑
k≥0〈L|x
k〉 t
k
k! . By (3.3), we get 〈fL(t)|x
n〉 = 〈L|xn〉. So, the map
L 7−→ fL(t) is a vector space isomorphism from P
∗ onto F . Henceforth, F is thought
of as both the algebra of formal power series and the space of linear functionals. We
call F the umbral algebra. The umbral calculus is the study of umbral algebra. The
order o(f(t)) of the non-zero power series f(t) is the smallest integer k for which
the coefficient of tk does not vanish. (see [3,5,9]). If o(f(t)) = 1 (respectively,
o(f(t)) = 0), then f(t) is called a delta (repectively, an invertible) series. For
o(f(t)) = 1 and o(g(t)) = 0, there exists a unique sequence Sn(x) of polynomials
such that 〈g(t)f(t)k|Sn(x)〉 = n!δn,k, where n, k ≥ 0. The sequence Sn(x) is called
the Sheffer sequence for (g(t), f(t)), which is denoted by Sn(x) ∼ (g(t), f(t)) (see
[3,5,9]). For f(t) ∈ F and p(x) ∈ P, we have
〈eyt|p(x)〉 = p(y), 〈f(t)g(t)|p(x)〉 = 〈g(t)|f(t)p(x)〉 = 〈f(t)|g(t)p(x)〉, (3.3)
and
f(t) =
∞∑
k=0
〈f(t)|xk〉
tk
k!
, p(x) =
∞∑
k=0
〈tk|p(x)〉
xk
k!
(see [4,5,9]. (3.4)
From (3.4), we note that
〈tk|p(x)〉 = p(k)(0), 〈1|p(k)(x)〉 = p(k)(0), (3.5)
where p(k)(0) denotes the k-th derivative of p(x) at x = 0. Thus, by (3.5), we get
tkp(x) = p(k)(x) =
dkp(x)
dxk
, for all k ≥ 0, (see[4, 5, 9]). (3.6)
Let Sn(x) ∼ (g(t), f(t)). Then we have
1
g(f¯(t)
eyf¯(t) =
∞∑
k=0
Sk(y)
tk
k!
, for all y ∈ C, (3.7)
where f¯(t) is the compositional inverse of f(t) with f(f¯(t)) = f¯(f(t)) = t.
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For Sn(x) ∼ (g(t), f(t)), qn(x) ∼ (h(t), l(t)), let
Sn(x) =
n∑
k=0
Cn,kqk(x), (3.8)
then we have
Cn,k =
1
k!
〈
h(f¯(t))
g(f¯(t))
(l(f¯(t)))k|xn〉, (see [2, 5, 9]). (3.9)
From (2.14), (2.25) and (3.7), we note that
C(k)n (x) ∼
((
t
1− e−t
)k
, e−t − 1
)
, (3.10)
and
Ĉ(k)n (x) ∼
((
tet
et − 1
)k
, et − 1
)
. (3.11)
For Sn(x) ∼ (g(t), f(t)), as is well known, we have
f(t)Sn(x) = nSn−1(x), (see [3, 5, 9]). (3.12)
By (3.10), (3.11) and (3.12), we get
nC
(k)
n−1(x) = (e
−t − 1)C(k)n (x) = C
(k)
n (x− 1)− C
(k)
n (x), (3.13)
and
nĈ
(k)
n−1(x) = (e
t − 1)Ĉ(k)n (x) = Ĉ
(k)
n (x + 1)− Ĉ
(k)
n (x). (3.14)
Therefore, by (3.13) and (3.14), we obtain the following lemma.
Lemma 3.1. For n ∈ Z≥0, k ∈ N, we have
nC
(k)
n−1(x) = C
(k)
n (x− 1)− C
(k)
n (x), nĈ
(k)
n−1(x) = Ĉ
(k)
n (x+ 1)− Ĉ
(k)
n (x).
From (3.10), we have(
t
1− e−t
)k
C(k)n (x) ∼ (1, e
−t − 1), (−1)nx(n) ∼ (1, e−t − 1), (3.15)
where x(n) = x(x + 1) · · · (x+ n− 1).
Thus, by (3.15), we get
(
t
1− e−t
)k
C(k)n (x) = (−1)
nx(n) =
n∑
l=0
(−1)lS1(n, l)x
l. (3.16)
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From (3.16), we have
C(k)n (x) =
(
1− e−t
t
)k n∑
l=0
(−1)lS1(n, l)x
l
=
n∑
l=0
l∑
m=0
k!
(k +m)!
(l)mS2(k +m, k)S1(n, l)(−1)
k+l+mxl−m
=
n∑
l=0
l∑
m=0
(
l
m
)(
k+l−m
k
)S2(k + l −m, k)S1(n, l)(−1)k−mxm.
(3.17)
By (3.11), we get(
tet
et − 1
)k
Ĉ(k)n (x) ∼ (1, e
t − 1), (x)n ∼ (1, e
t − 1). (3.18)
Thus, from (3.18), we have
Ĉ(k)n (x) =
(
et − 1
tet
)k
(x)n =
(
et − 1
tet
)k n∑
l=0
S1(n, l)x
l
= e−kt
∞∑
m=0
k!
(k +m)!
S2(k +m, k)t
m
n∑
l=0
S1(n, l)x
l
= e−kt
n∑
l=0
l∑
m=0
k!
(k +m)!
S2(k +m, k)S1(n, l)(l)mx
l−m
=
n∑
l=0
l∑
m=0
(
l
m
)(
m+k
m
)S2(k +m, k)S1(n, l)e−ktxl−m
=
n∑
l=0
l∑
m=0
(
l
m
)(
m+k
m
)S2(k +m, k)S1(n, l)(x− k)l−m
=
n∑
l=0
l∑
m=0
(
l
m
)(
k+l−m
k
)S2(k + l −m, k)S1(n, l)(x− k)m.
(3.19)
Therefore, by (3.17) and (3.19), we obtain the following theorem.
Theorem 3.2. For n ∈ Z≥0, k ∈ N, we have
C(k)n (x) =
n∑
l=0
l∑
m=0
(
l
m
)(
k+l−m
k
)S2(k + l −m, k)S1(n, l)(−1)k−mxm,
and
Ĉ(k)n (x) =
n∑
l=0
l∑
m=0
(
l
m
)(
k+l−m
k
)S2(k + l −m, k)S1(n, l)(x− k)m.
For Ĉ
(k)
n (x) ∼
((
tet
et−1
)k
, et − 1
)
, B
(α)
n (x) ∼
((
et−1
t
)α
, t
)
, (α ∈ N),
let us assume that
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Ĉ(k)n (x) =
n∑
m=0
Cn,mB
(α)
m (x). (3.20)
Then, by (3.8), (3.9) and (3.20), we get
Cn,m =
1
m!
〈
(
t
(1 + t) log(1 + t)
)k (
t
log(1 + t)
)α
(log(1 + t)m|xn〉
=
1
m!
〈
(
t
(1 + t) log(1 + t)
)k+α
(1 + t)α|(log(1 + t))mxn〉
=
n−m∑
l=0
(n)l+m
(l +m)!
S1(l +m,m)〈
(
t
(1 + t) log(1 + t)
)k+α
(1 + t)α|xn−l−m〉
=
n−m∑
l=0
(
n
l +m
)
S1(l +m,m)Ĉ
(k+α)
n−l−m(α)
=
n−m∑
l=0
(
n
l
)
S1(n− l,m)Ĉ
(k+α)
l (α).
(3.21)
Therefore, by (3.20) and (3.21), we obtain the following theorem.
Theorem 3.3. For n ≥ 0, k ∈ N, we have
Ĉ(k)n (x) =
n∑
m=0
{
n−m∑
l=0
(
n
l
)
S1(n− l,m)Ĉ
(k+α)
l (α)
}
B(α)n (x).
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